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Phenomenology of the size effect in hardness tests
with a blunt pyramidal indenter
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Further detailed analysis of the indentation size effect exhibited by some single-phase
metals leads to a new, very accurate, descriptive equation. This affords consistent and
realistically low evaluation of macrohardness from micro-indentation test data.

The indentation size effect exhibited by fused silica is also matched precisely by the new
description, demonstrating a common phenomenology regardless of the different micro-
mechanisms sustaining indentation.

Comparison of data from standard and low-load Vicker’s tests with data from ultra-micro-
indentation with a Berkovich indenter establishes continuity of a monotonic size effect
throughout the entire range of indent size.

The observed size effects are consistent with the projected refinement of a previously
proposed model of indentation that attributed the effect to varying importance of the
constrained flexing at the perimeter of the indent.

The magnitude of the size effect appears to be a measure of the resistance to strain
concentration in the perimeter flexure zone. The large size effect for eminently plastic metals
indicates that restricted micro-deformation capability is not the major cause. Q 1998 Kluwer
Academic Publishers.
Nomenclature
a numerical constant (1.854 for Vicker’s hard-

ness)
d observed diagonal length of square Vicker’s

indent (lm) (see ¸)
F force (mN)
H apparent hardness (defined, conventionally,

as load/area; kg mm~2)
H

=
minimum macrohardness

H
0

estimate of H
=

H
V

Vicker’s hardness ("0.927]mean pressure
expressed as kg mm~2)

H
V20

Vicker’s hardness value for test with 20 kg
load

1. Introduction
Although indentations made with a quasi-rigid pyr-
amidal indenter appear to be geometrically similar
[1—3], a size effect in small scale indentation hardness
testing has long been recognized [4—7]. Examples of
the effect in low-load (10 g—1 kg) through to standard
Vicker’s hardness tests of commercially pure alumi-
nium are shown in Fig. 1. Even greater disparity be-
tween apparent hardness in micro-indentation tests
and the corresponding macro-indentation hardness is
a serious problem. Naturally, many attempts have
been made to explain the size effect, and many possible
factors have been identified, but without satisfactory
resolution: variation of apparent hardness with indent
size is still reported as the end result of testing.
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¸ indentation test load (kg) (suffixes identify
associated data)

m the ‘‘Meyer index’’ (varies with scale of inden-
tation)

P penetration of indenter (nm)
b size effect parameter for Vicker’s indentation
d calibration offset in value of P
e strain
g notional error in value of d
k size effect parameter for depth-sensing inden-

tation
r stress

Several descriptions of the size effect have been
proposed; but they have proved to be no more than
approximate. Meyer analysis [4] according to

H
0
"

a¸

dm
(1)

has often been applied to pyramidal indentations, but
has been shown to be inaccurate even for the size
range of standard Vicker’s tests [8]. Other common
equations, embodying a measurement ‘error’ para-
meter or a quadratic relationship between indent di-
mension and indenting force, have been shown to be
precisely equivalent [8, 9]. Therefore it is sufficient,
and appropriate for a size effect, to consider only the
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Figure 1 Indentation size effect for Vicker’s hardness tests of alumi-
nium. ()) hard; (r) soft.

description proposed by Tate [5].
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(d#g)2
(2)

This equation may be rearranged into a form suitable
for linear regression analysis and thus for the evalu-
ation of g

d"A
a

H
0
B
1@2

¸1@2!g (3)

For Vicker’s hardness tests with load down to 15 g this
relationship might appear to be quite accurate. Exam-
ples are shown in Fig. 2. However, the apparent lin-
earity has been shown to be deceptive; even at the
relatively coarse scale of ‘‘low-load’’ testing, refined
analysis according to this model failed to account for
the persistent elevation of calculated macro-hardness
for smaller indentation [9]. In ultra-micro-indenta-
tion testing the equivalent relationship between P and
F1@2 is often clearly non-linear, and amenable to differ-
ent interpretations [10].

Variation of apparent hardness with indent size was
long thought to be caused by experimental error, or to
elastic recovery of the indent, but gradually a true size
effect came to be recognised and explanation has been
sought in variation of micro-mechanical processes
sustaining deformation in small volume [6, 7, 11].
A major weakness of this approach is that it seems
very unlikely to explain the continuous gradation of
the size effect well into the range of standard Vicker’s
hardness testing of metals (See Fig. 1), for which the
deformed zone may extend a millimetre or more (some
million atom distances).

Recently it has been confirmed in detail that the
magnitude of the size effect is governed by the strain
hardening propensity of the material indented and by
friction [10, 12—15]. In the light of this knowledge it
has been postulated [16] that the size effect is a mani-
festation of flexing at the perimeter of the indent,
where the indented surface is aligned with the face of
2938
Figure 2 Evaluation of g in Equation 3. (n) Al; (d) Cu; (h) Fe.

the indenter. In an ‘ideal’ plastic material deforming
without strain hardening, the perimeter ‘‘hinge’’ zone
might be vanishingly small — as indicated by shear line
field constructions [17] — but in real materials, espe-
cially strongly strain hardening metals, such strain
concentration is unlikely.

For the indentation boundary conditions to cause
a size effect, the perimeter zone dominated by flexing
must vary in relation to the overall deformation pat-
tern in a rather special way. If the proportions are
constant, a size effect is improbable; but a constant
magnitude of this zone would exceed the size of very
small indentations. Therefore the relative size of the
zone must change in some intermediate way. The
problem was recognized when the effective size of the
perimeter ‘‘plastic hinge’’ zone was first calculated
[16], and it has since been established that the value of
an error parameter such as g does change with indent
size [9]. Thus, the size effect was demonstrated to be
even more complex than earlier supposed.

This finding has a significant bearing on micro-
indentation and ultra-micro-indentation hardness
tests. Such tests are subject to pronounced size effect,
but the observed variation is severely truncated. Con-
sequently the estimation of a characteristic minimum
macro-hardness is uncertain unless the established
relationship is very accurate and continuous through-
out the full indentation size range.

The ‘‘plastic hinge’’ model of indentation [16] pro-
vided a useful explanation of the size effect for ‘low-
load’ indentation of metals. However, extrapolation
to ultra-micro-indentation requires more precise
knowledge of the phenomenon. An opportunity to
explore the size effect in some detail was afforded by
availability of test data representing a very wide range
of indent size: Vicker’s hardness tests with a load range
of 15 g to 20 kg [12] and comparable ultra-micro-
indentation tests with force down to 2 mN [18]. As



Figure 3 Continuity of indentation size effect for iron over a wide
range of test conditions. (n) Berkovich; (r) Vicker’s.

shown in Fig. 3, only a slight offset is detectable in the
otherwise continuous relationship between apparent
hardness and indentation force for specimens of iron.

Ultra-micro-indentation data for fused silica are
also analysed to compare the similar size effects exhib-
ited by obviously dissimilar materials. Earlier findings
[10] from analysis of reported ultra-micro-indenta-
tion data are re-examined.

2. Analysis
2.1. Low-load Vicker’s tests
When the characteristic minimum macro-hardness
H

=
is known, the complexity of the indentation size

effect may be revealed by calculating the expected
variation of g in Equation 2 according to

g"dCA
H
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=
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1@2

!1D (4)

In recent analyses [9, 14] it was assumed that the
hardness value determined from tests at 20 kg load
would be a good approximation to H

=
, but the effect

of error in this approximation was not pursued. In
fact, exploration of this effect provides a revealing
insight into the indentation size effect.

Although the original finding, for several metals
indented with a Vicker’s indenter under loads in the
range 15 g to 20 kg, was that calculated values of
g increased and then decreased with increasing test
load, it is obvious from Equation 4 that the decline in
values of g as HPH

=
is hypersensitive to the value

assumed for H
=

— and the observations of the size
effect indicate that H

V20
is very probably an overesti-

mate. Adopting a slightly lower estimate of H
=

trans-
forms the variation of g into a monotonic relationship
with the indent size, d. This is demonstrated in Fig. 4,
using data for soft aluminium as an example. These
Figure 4 Effect of varying estimate of macrohardness on evaluation
of g according to Equation 4. H

0
: (s) 19; (d) 19.5; (e) 20; (m) 20.3.

Data for soft aluminium.

data were chosen because the relatively large indents
minimize the possible impact of experimental error.

Uncertainty in the estimation of H
=

was overcome
in an earlier analysis [9] by calculating ‘‘instan-
taneous’’ values for g according to
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The calculations for several metals yielded persistent
trends to continuously increasing g with increasing d.
Averaged results for similar specimens, classified ac-
cording to strain hardening propensity, showed clearer
relationships. Re-examination of these data reveals
that the relationship between g and d is of the form

gJd1@3 (6)

The averaged data are re-presented in Fig. 5 in log
versus log format, together with the appropriate linear
regression equations to verify this observation.

Modification of Equation 2 to accommodate this
new information leads to

H
0
"

a¸

(d#bd1@3)2
(7)

The parameter b may be evaluated by regression anal-
ysis of data for several test loads, utilizing a derived
linear form of Equation 7

d2@3"A
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Examples of these relationships, for the three annealed
metals among the specimens referred to above, are
shown in Fig. 6.

Calculation of H
0

according to Equation 7 yields
close to constant values, even down to the smallest
2939



Figure 5 Relationships between average values of g and d for three
metals in (s) soft and (j) hard conditions.

Figure 6 Linear relationships according to Equation 8 for three soft
metals, showing evaluation of b. (n) Al; (d) Cu; (h) Fe.

indentation. Fig. 7 shows the results for these three
metals. Evidently Equation 7 is an accurate descrip-
tion of the indentation size effect in Vicker’s hardness
tests of these metals tested with loads down to 15 g.
The mean estimated value of each minimum macro-
hardness is slightly lower than the H

V20
value; and

divergence from the mean, previously reckoned at up
to 25%, is only 2 or 3% and randomly distributed.
This appears to reflect the true low level of experi-
mental error, now properly differentiated from the
larger variation with size of indent.
2940
Figure 7 Calculated macrohardness for three soft metals according
to Equation 7. ()) Fe; (r) Cu; ( ) Al.

2.2. Ultra-micro-indentation of iron
Very fine indentation hardness tests are made with an
instrument that measures penetration of the indenter
rather than the size of the indent [19—23]. The Ber-
kovich triangular based prism indenter is preferred to
the Vicker’s square form at this fine scale, because it is
difficult to maintain accurate shape of the latter at
its tip. The process is attended by two difficulties
peculiar to the method: establishing the datum of
first contact and accounting for imperfection of the
indenter tip.

In principle, it is possible to calibrate the measure-
ment of indenter position to obtain accurate penetra-
tion data (and this is, of course, done); but reported
test results display a considerable size effect that is
reducible by recalibration [10], and quoted hardness
values are often much higher than expected macro-
hardness. There appear to be grounds for reasonable
doubt about the appropriateness of calibration pro-
cedures for ultra-micro-indentation tests. In these
circumstances, some additional complication in
analysing the size effect may be expected.

Ultra-micro-indentation test data [18] for the in-
terior of a ferrite ‘‘grain’’ in a very-low carbon steel
were examined for comparison with the low-load
Vicker’s data for pure iron, described above. The data
were found not to conform with Equation 3, which is
the usual calibration format. Fig. 8 shows that the size
effect cannot be described simply by a linear relation-
ship of that form. (This is important, but not new: the
manual for the testing instrument describes a non-
linear relationship.)

The ultra-micro-indentation data were next ana-
lysed according to Equation 8. Unlike the low-load
data for iron discussed above and shown in Fig. 6, the
relationship was not linear — especially for the
finest indents. Considering the recognized calibration



Figure 8 Deviation of data for ultra-micro-indentation of iron from
relationship according to Equation 3.

difficulties for depth-sensing instruments and the non-
linear relationship corresponding to Equation 3, it
seemed that a possible cause of this non-linearity was
an offset error in the calibration of penetration.

Incorporating an unknown supposed penetration
error into Equation 7, and modifying for the conven-
tions of ultra-micro-indentation testing (in which force
and penetration are measured), gives
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and Equation 8 becomes
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For a data set embracing several values of F and P,
Equation 10 is readily solved numerically by iterative
regression incrementing a given value of d until the
correlation coefficient reaches its maximum value.

In the example of the ultra-micro-indentation of
a ferrite ‘grain’ interior, the calibration ‘error’, d, was
found by this method to be &25 nm. This small
adjustment was sufficient to produce a linear relation-
ship of the form of Equation 10 with r"0.999. This is
shown in Fig. 9. The value of k was found to be
&55 nm2@3 and, substituting these values in Equation
9, the estimate of characteristic macro-hardness, H

0
,

was virtually constant at &87 H
V

and closely compa-
rable with the lower limit of standard Vicker’s hard-
ness for iron. The constancy of this estimate and the
greatly varying high level of apparent hardness are
compared in Fig. 10. (cf. Figs 3 and 7) Evidently Equa-
tion 9 is a very accurate description of the indentation
size effect for this ultra-micro-indentation of iron with
a Berkovich indenter.
Figure 9 Linear relationship according to Equation 10 for ultra-
micro-indentation of iron.

Figure 10 Apparent hardness and calculated macrohardness for
ultra-micro-indentation of iron. (s) H; (r) H

0
.

2.3. Ultra-micro-indentation of silica
The steps explained above for analysing the ultra-
micro-indentation of iron were repeated with data
[24] for fused silica. Again, it was found that the data
did not conform linearly with Equation 3, though the
deviation was less than for iron. See Figs 8 and 11.
Better agreement was obtained with the relationship
of Equation 10. In this case the calibration ‘‘error’’, d,
was found to be &19 nm, which is similar to that for
iron, suggesting comparable experimental error al-
though a different machine was employed. The value
of k, however, was found to be much lower at
&6.5 nm2@3. Substituting these values into Equation 9,
2941



Figure 11 Non-linearity of relationship according to Equation 3 for
fused silica.

Figure 12 Apparent hardness and calculated macrohardness for
fused silica. ($) H; (d) H

0
.

the estimate of characteristic macro-hardness, H
0
, was

virtually constant at &360 H
V
.

Evidently Equation 9 is also a very accurate de-
scription of the size effect for ultra-micro-indentation
of fused silica with a Berkovich indenter. The con-
stancy of the estimated macro-hardness and the great-
ly varying high level of apparent hardness are
compared in Fig. 12. The similarity with Fig. 10 is
striking, but the scale of indentation is considerably
different — and the much weaker size effect is repre-
sented by an order of magnitude difference in the
values of k.
2942
3. Discussion
3.1. Analysis
Earlier calculation according to Equation 5 of ‘‘instan-
taneous’’ values of the indent size error, g, afforded an
insight into the complexity of the size effect but, as
demonstrated [9], could not obviate the gross residual
variation of H

0
even for low-load Vicker’s indenta-

tion. However, since it is now clear that Equation 2
(from which Equation 5 is derived) is not an accurate
description of the variation of apparent hardness for
small indents, it must be accepted that those estimates
of minimum macro-hardness, being hypersensitive to
error in the value of g when d is small, were invalid.

A recent demonstration [10] that the size effect in
ultra-micro-indentation can be largely explained by
assuming a relationship of the form of Equation 2

H
0
"

aF

49(P#d)2
(11)

is also seen to be suspect since Equation 2 has been
discredited. In fact, data for the indentation in alumi-
nium clearly did not fit Equation 11. It is now appar-
ent that descriptions such as Equations 2 and 11 are
fundamentally flawed by their implicit assumption of
strict geometric similarity disguised by constant
measurement error.

In the earlier examination [10] of reported ultra-
micro-indentation data [25] it was shown that recog-
nition of an offset of zero in the P versus F1@2 relation-
ship (cf. Equation 3) resulted in diminished size effect
and lower estimates of macrohardness. Re-examina-
tion of those data in the light of the present analysis
reveals that the new description gives better accounts
of the size effect. For aluminium, analysis according to
Equation 8 gives the linear relationship shown in
Fig. 13; whereas the P versus F1@2 relationship was
earlier shown to be distinctly non-linear. Calculation
of macrohardness according to Equation 7 then yields
more consistent and appropriately lower values. This
is shown in Fig. 14, where the new result (‘‘PH2’’) is
compared with the earlier findings. In the case of
quartz, the linear relationship according to Equa-
tion 8 is not obviously better than that from Equa-
tion 3, but estimated values of macrohardness are
appreciably lower, as noted for aluminium (see
Fig. 15). Thus, despite the obvious errors in values
extracted from small graphs, it is clear that these data
conform better to the present analysis than to the
earlier simple recalibration.

Experimental error in the Vicker’s test data appears
to have been remarkably slight. Some of the residual
variance, which appears to be random, no doubt arose
from slight variation of the indented material between
test sites. In this context the more precise relationships
extracted from ultra-micro-indentation data for pro-
gressive indentation at one site are valuable confirma-
tion of the accuracy of the new description of the size
effect.

Similarity of the calculated values of d for iron and
for silica support the supposition that the calibration
offset reflects conduct of the indentation tests rather
than behaviour of the materials. It may be inferred,



Figure 13 Calibration according to Equation 8. Data for alumi-
nium from Ref. 25.

Figure 14 Hardness versus penetration for aluminium. Data from
Refs 10 and 25. (n) original; (n) corrected; (j) PH2.

from the fact that a calibration offset was only identi-
fied for ultra-micro-indentation tests, that this para-
meter signifies experimental errors related largely to
initial contact. Apparently the small calibration offset
effectively accounted for the several possible sources
of error, such as imperfection of the extreme tip of the
indenter and initial variation of the compliance of the
Figure 15 Hardness versus penetration for quartz. Data from Refs
10 and 25. (n) original; (n) corrected; (j) H

0
(PH2).

test system, to which very fine depth measurements
are prone. In principle the optically assessed Vicker’s
tests are not affected by system compliance nor un-
avoidably subject to indenter shape problems. (The
mean indentation pressure varies only slightly be-
tween very blunt indenters [26, 27]). However, it is
also to be expected that experimental error is less
significant at this coarser scale.

Apart from the slight uncertainty at initial contact
of the indenter in ultra-micro-indentation, the size
effect was found to be completely and precisely de-
scribed by the size effect parameter k. Marked vari-
ation of this parameter between materials, while
d appears to be a system constant, indicates that the
deformation behaviour of the indented material,
rather than measurement errors, determines the mag-
nitude of the size effect.

3.2. Indenter shape
The Berkovich indenter is designed to emulate the
Vicker’s hardness test and minimize problems due to
malformation of the indenter tip. It’s use is, therefore,
particularly apposite in very fine depth-sensing inden-
tation tests. Neglecting inaccuracies and elastic distor-
tion of the indenters, the ratio of pyramid height to
base area is the same for these indenters. If the emula-
tion is satisfactory, it is meaningful to enquire whether
the indentation size effect is continuous throughout
the entire range of test conditions.

Unfortunately test data embracing this range for
identical material were not available, but comparison
of the ultra-micro-indentation of a very-low carbon
steel with the indentation of pure iron in the higher
load range reveals only a slight difference which is
quite consistent with expected weak solution harden-
ing. The estimated values of ‘‘characteristic macro-
hardness’’ for these materials indented under such
2943



disparate conditions were 87 H
V

and 78 H
V

respec-
tively. (cf. Figs 7 and 10). The difference is just about
what might be expected. The clear discrimination of
this small difference is particularly significant: there is
no overlap of the calculated values of macrohardness.
Evidently the data correspond precisely in each case
to a well-defined similar relationship.

Evaluations of the size effect parameters b and
k further this comparison. For the Vicker’s tests of
iron the calculated value of b was 1.9 lm2@3, whereas
for the ultra-micro Berkovich tests the value of k was
55 nm2@3. The two may be compared through the
relationship (depending on units of measurement)

k
b
"A

1000

7 B
2@3

"27.37 (12)

from which it is seen that 1.9 lm2@3:52 nm2@3. Thus
the apparent continuity of the size effect throughout
the full range of indentation test conditions (See Fig. 3)
is mirrored faithfully by closely corresponding values
of b and k. The evidence confirms the supposed equiv-
alence of the indentation processes with these different
shaped indenters and points unequivocally to con-
tinuous monotonic variation of apparent hardness
with indent size.

3.3. Indentation
The identification of an accurate behavioural relation-
ship corresponding to precisely constant value of H

0
is

a special result unlikely to arise adventitiously. Equa-
tion 9, or ideally Equation 7, accounts for all the
non-random variation in apparent hardness: it is so
accurate that it is hard to believe an improvement
would be possible. Therefore it is not unreasonable to
suppose that it is descriptive of a causal relationship.

The relationship described by Equation 9 confirms
that the indentation size effect is due to a cause that
acts with monotonically diminishing effect over the
large range of indent size employed in hardness test-
ing. However, the form of this equation is not consis-
tent with any known type of experimental error.
Therefore the size effect is very probably a genuine
variation of mean indentation pressure with scale of
indentation. The implication is that either geometrical
similarity of the indentation process is not maintained
or the mean pressure is not determined by the strain
pattern. The latter would signify variation of intrinsic
strength according to scale of deformation, for a very
large range of indentation, whereas loss of geometric
similarity connotes merely a scale effect in the external
constraint of deformation and friction is known to
govern the size effect.

Indentation is a loading process in which deforma-
tion spreads to minimize stress (and to minimize local
strain rate for rate-sensitive materials). The con-
strained flexing identified at the perimeter of an indent
[16, 28, 29] interacts with the broad geometrically
similar deformation induced by pressure from the in-
denter across an interface of constant geometry. This
interaction is complex; and it is notable that, although
2944
the indentation size effect has been recognized for
some ninety years, mathematical analyses of the defor-
mation have not accounted for it [30—33]. No scale
factor has been included.

Flexing at the perimeter of an indent presumably
merges gradually into the surrounding broad pattern
of deformation and is defined not by a definite bound-
ary but, rather, by perturbation of the ‘ideal’ stress and
strain gradients. As indentation proceeds, the strain
field expands with approximately the same pattern of
strain distribution; but the flexure zone evidently does
not grow at a rate high enough to maintain strict
geometric similarity of the overall deformation pat-
tern. The edge of a large indent is, relatively, more
sharply defined.

Equation 9 (or 7 for coarser scale of indentation)
matches the predicted necessary refinement of the
‘‘plastic hinge’’ model of indentation [16], accommo-
dating variation of the magnitude of this notional
perimeter zone with indent size. Thus, the argument
that the indentation size effect for metals is caused by
the special boundary deformation conditions govern-
ed by strain hardening propensity and friction is much
strengthened.

It is not obvious why the new size effect parameter,
b or k, has a dimension of (length)2@3. The perimeter
‘‘hinge’’ zone is quite complex, tapering from very little
at each corner of the indent to maximum width at the
mid sides where there has been most deformation.
Moreover, the association of the size effect with strain
hardening implies a correlation also with the shape of
the indent boundary as modified by ‘pile-up’ or ‘sink-
in’. Comprehensive mathematical modelling would
have to address these complications.

3.4. Friction
Li et al. [34] have interpreted reduction of the inden-
tation size effect by lubrication in terms of their ‘‘pro-
portional specimen resistance’’ model [35]. In this, the
size effect is related to the varying ratio of contact area
to ‘displaced indentation volume’ with indent size. The
variation of apparent hardness is attributed to in-
creased contribution of interfacial friction as the in-
dent size becomes smaller. The essential differences
between this model and the ‘‘plastic hinge’’, or peri-
meter flexing, model [16] lie in the assumptions con-
cerning the indentation process and the role of
friction. The former is based on constant specific work
of deformation (implying geometric similarity of the
deformation pattern) and friction affecting the whole
contact area. The latter abandons geometric similarity
and envisages a friction effect only at the perimeter.
Thus the probability of strict geometric similarity is
linked with the role of friction.

Several difficulties with the proportional resistance
postulate undermine its choice as preferred model.
First, the form of equation that divides the indenting
force into components related to displaced volume or
to contact area has no special status, since it has been
shown to be precisely equivalent to Equation 3 — and
inaccurate [8, 9]. The newly identified accurate de-
scription of the size effect is different dimensionally.



Second, the magnitude of the indentation size effect is
strongly associated with the strain-hardening propen-
sity of the indented material; and friction appears to
be secondary to this association. Then again, the in-
sensitivity, on the larger scale, of blunt indentations to
lubrication is thought to indicate absence of general
sliding across the interface. For friction to become
important in small indentations, there must be signifi-
cant sliding. This would be consistent with increased
relevance of a normal edge effect.

Although a marked effect of lubrication, and by
implication sliding friction, on the indentation size
effect for soft metals has been demonstrated, Li et al.
have recorded that an expected effect for non-metals
has proved difficult to detect. Perhaps the higher mean
pressure for indentation of the harder materials poses
a lubrication problem, but the weaker size effect for
hard non-metals indicates less friction, or less sliding.
Association of the size effect with strain hardening is
entirely consistent with an expectation of variable
sliding at the perimeter of the indent. The unfailing
correspondence of the perimeter ‘‘hinge’’ model with
all the evidence sustains a very reasonable inference
that the size effect is a boundary phenomenon and
strict geometric similarity of the strain distribution is
not maintained as indentation progresses. (Variation
of friction according to the proportional resistance
model would also seem to imply loss of geometric
similarity.)

3.5. Materials
The indentation size effect for plastic metals and for
brittle non-metals is similar in manner if not in magni-
tude; yet materials without multiple extensive slip
systems, or free rheology, cannot accommodate inden-
tation by a process corresponding to continuum plas-
ticity. On the other hand, it would be a rather special
material that could undergo indentation with a strain
field corresponding exactly to that of a shear line field
construction, including a point of singularity at the
perimeter of the indent. Micrographs of very small
indents commonly show marked departure from ideal
shape.

Discrete striations of deformation damage have
been observed on the surface of indents in ceramics
which show an indentation size effect [27]. These
markings were attributed to relief of stresses created
by ‘‘elastic flexure of the surface at the edges of the
indentation’’, and no doubt indicate a response to this
constrained deformation equivalent to the ‘‘plastic
hinge’’ postulated for metals. (Although some quasi-
brittle materials are credited with plasticity, intermit-
tent cracking creating discrete bands of deformation
damage constrained by hydrostatic compression
might be a more common mechanism that could sus-
tain this relatively severe bending in a brittle material
[36]). It may be supposed that, as another manifesta-
tion of the size effect, the spacing between surface
striations would increase with indent size as the flex-
ing strain gradients relax. This would furnish a nice
demonstration of the interaction between constrained
flexing at the perimeter and the wider strain field.
However, appearance is one thing, cause and effect
another. Appeals to restriction of micro-deformation
processes as an essential cause of the indentation size
effect face a paradox: the most restricted and hetero-
geneous behaviour is associated with only small size
effect. Soft metals exhibit both relatively uniform de-
formation (no deformation bands or cracking) and
especially marked size effect. Evidently indentation,
being a loading process, is fairly insensitive to the
manner of distribution of enabling strains, but pro-
gressive resistance to strain is another matter. Strain
hardening propensity is clearly the most important
material property promoting the indentation size ef-
fect. Strain hardening opposes strain concentration,
and therefore may be expected to have particular
influence at the perimeter of an indent (where shear
line fields show flexing to be concentrated) thus pro-
moting a boundary effect.

Materials with severely restricted micro-plasticity
may be expected to exhibit more complicated behav-
iour superimposed on the general effect. Discontinui-
ties in the force-penetration relationships reported
[29] for some brittle non-metals presumably represent
this class of behaviour.

3.6 Conspectus
The finding that indentation size effects for both emi-
nently plastic metals and brittle non-metals are amen-
able to the same analysis poses a need to examine
concepts of ‘‘hardness’’. If hardness is defined as resist-
ance to (a particular mode of) permanent deformation,
then an ideally elastic material has infinite hardness.
On the other hand, if hardness is defined as resistance
to the process of indentation, then no distinction is
made between elastic and permanent (by whatever
mechanism) deformation. This is the hardness defined
by the penetration-force relationship during indenting.

In this study, the calculation of H
0

from depth-
sensing test data is the lower bound evaluation ignor-
ing elastic recovery. Therefore H

0
is ‘‘low’’ in compari-

son with other evaluations when elastic deformation is
significant. However, H

0
is probably not perceptibly

low for soft plastic materials with high modulus of
elasticity: i.e. metals. In fact this definition of hardness
is entirely consistent with the principle of Vicker’s
testing, for which the measured dimensions across the
‘‘corners’’ of the indent are reckoned to be substan-
tially free from elastic recovery, at least for metals.
This agreement is confirmed by the correspondence
between the data sets for iron tested with either optical
measurement or depth sensing.

It has commonly been assumed that non-linearity of
the P versus F1@2 relationship (Equation 3) is caused
by experimental inexactitude. Imperfection of the tip
of the indenter is a particular concern for ultra-micro-
indentation testing. However, as noted above, many
other origins have been postulated. The problem has
been one of distinguishing between the strengths of the
various claims. And the interactions between the sev-
eral factors — various modes of heterogeneous defor-
mation, evident friction and possible error — make the
problem quite complex. Nevertheless, analyses have
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often examined only data limited in quantity or pre-
cision, so that the outcome has inevitably been re-
stricted to simplistic relationships.

The newly discovered precise relationship, based on
adequate data embracing wide ranges of indent size
and of material plasticity, establishes unequivocally
a more complex form of the indentation size effect
than hitherto envisaged. The wide range of the size
effect sometimes encountered, coupled with relatively
uniform deformation, suggests variation of the inden-
tation process that probably stems from the funda-
mental mechanics rather than essentially from
restriction of micro-deformation processes.

Indentation by a quasi-rigid blunt pyramidal inden-
ter imposes similar constraints on the deformation of
any material; and close conformity to the shape of the
indenter at the line of entry necessitates bending and
stretching. Except in the special case of strict geomet-
ric similarity, a discernible volume of this constrained
flexing at the edge of the general strain field must
produce, regardless of the actual mechanism, an in-
dentation size effect. The unifying principle appears to
be simply that boundary effects increase the specific
resistance to small indentation. The limiting, asymp-
totic, macro-hardness is the indentation resistance
when boundary effects are negligible.

Reduction of the indentation size effect by lubri-
cation implies sliding friction, and this must occur at
the perimeter but need not occur over the entire con-
tact area. Variation of true contact area, due to ‘‘pile-
up’’ or ‘‘sink-in’’, might also be important. However,
association of magnitude of the size effect with the
strength of strain hardening indicates that constrained
flexing is more important than the secondary
topological effects — because strain hardening enhan-
ces the size effect but promotes ‘‘sink-in’’, which pro-
duces apparent softening: not hardening. Gane and
Cox [37] have shown pronounced edge rounding
of very small indents in gold, and the atomic field
microscope is revealing comparable effects for other
materials.

The size effect is not dependent on any particular
deformation mechanism, but the value of the para-
meter k reflects the component of work attributable to
this boundary flexing and thus indicates resistance to
strain concentration (and the influence of friction in
promoting the effect). Therefore the size effect para-
meter k could be a useful indicator of strain hardening
propensity for metals, and perhaps of fracture energy
for brittle materials.

4. Conclusions
Variation of apparent hardness with size of indent (the
‘‘indentation size effect’’) in either soft iron or relative-
ly brittle fused silica is matched very precisely by a
new descriptive equation. The size effect parameter
contained in this equation has dimension of (length)2@3.
This finding is based on analysis of ample precise data
to make it reliable.

Close correspondence between the relationships re-
vealed by the new analysis for ultra-micro-indentation
or for Vicker’s indentation of iron demonstrates that
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the indentation size effect is monotonically continuous
throughout the full range of test indentations.

The accuracy of the new account of the size effect
and its applicability to different test methods rule out
experimental error as an essential cause. Applicability
to such different materials establishes a common
phenomenology regardless of the different micro-
mechanisms sustaining the deformation.

The large difference between the values of the new
size effect parameter for iron and silica is in keeping
with the previously recognized association between
magnitude of the size effect and uniform strain hard-
ening plasticity.

The revealed form of the size dependence casts
doubt on the concept of strict ‘‘geometric similarity’’
as a fundamental characteristic of hardness tests with
a blunt pyramidal indenter. Correlation of the magni-
tude of the size effect with both strain hardening
propensity and lubrication points rather to a bound-
ary effect varying in importance with scale.

The new description of the indentation size effect
was derived empirically but is consistent with a pro-
jected refinement of the ‘‘plastic hinge’’ model of in-
dentation proposed earlier. According to this model,
the constrained flexing at the line of entry of the
indenter particularly affects a narrow perimeter zone.
It was predicted, and is now confirmed, that the size of
this notional zone varies with indent size, but not in
simple proportion.

A reasonable and self-consistent interpretation of
the findings is that higher apparent hardness from
finer indentation tests is caused by interference from
a boundary effect governed by strain hardening pro-
pensity and, secondarily, by friction. This apparent
sensitivity to strain concentration at the perimeter of
the indent is reflected in the new size effect parameter
k, which could therefore offer a useful assessment of
strain hardening propensity.

Although the magnitude of the size effect is, seem-
ingly, governed by the deformation characteristics of
the indented material, for the data examined there
appears to be no change in behaviour at very fine
scale. Clearly structurally, or micro-structurally, de-
termined heterogeneity of deformation is not the
prime cause of the size effect. However, materials with
severely limited deformation capability may be ex-
pected to exhibit complex behaviour superimposed on
the general size effect.

Appendix: the ‘‘plastic hinge’’ model of
indentation [16].
Indentation of an elastic—plastic material is accom-
modated by complex deformation involving displace-
ments throughout a relatively large volume. In
principle, the pattern of this deformation is indepen-
dent of scale. However, at the boundary of an indent
the indented material must shear to conform to the
new surface. See Fig. 16. The necessary local shear
strain is determined by the geometry of indentation.

For an ideally plastic material (a non-work-harden-
ing continuum), the boundary shear condition is con-
centrated in a vanishingly small volume (the point of



Figure 16 Shearing of surface element as indenter penetrates surface
(from Ref. 16).

singularity in a shear line field construction) and in-
dentations are ‘geometrically similar’: i.e. not subject
to a scale effect.

For practical indentations in a real strain hardening
material, strain concentration is resisted and the ex-
panded boundary zone is significant, particularly
when the indent is small. This relative significance is
postulated to be the origin of the indentation size
effect [16].

The plastic hinge model has been shown to offer
a reasonable explanation for the dependence of the
indentation size effect on strain hardening propensity
and on friction.

References
1. R. SMITH and G. SANDLAND, Proc. Inst. Mech. Engng.

1 (1922) 623.
2. L. E. SAMUELS, in ‘‘Microindentation techniques in mater-

ials science and engineering’’, edited by Blau and Lawn
(ASTM STP 889, 1986) p. 5.

3. D. TABOR, ibid p. 129
4. E. MEYER, Zeit. »er. Deutsch. Ing. 52 (1908) 645.
5. D. TATE, ¹rans. Amer. Soc. Metall. 35 (1945) 374.
6. B. W. MOTT, ‘‘Micro-indentation hardness testing’’ (Butter-

worths, London, 1956).
7. H. BUCKLE, Metall. Rev. 4 (1959) 49.
8. M. ATKINSON, Mater. Sci. Engng. A197 (1995) 165.
9. Idem., J. Mater. Res. 10 (1995) 2908.

10. Idem., J. Mater. Sci. 30 (1995) 1728.
11. P. M. SARGENT, in ‘‘Microindentation techniques in mater-
ials science and engineering’’, edited by Blau and Lawn
(ASTM STP 889, 1986) p. 160.

12. M. ATKINSON and H. SHI, Mater. Sci. ¹echnol. 5 (1989)
613.

13. H. SHI and M. ATKINSON, J. Mater. Sci. 25 (1990) 2111.
14. M. ATKINSON, J. ¹esting and Evaluation 19 (1991) 368.
15. J . BYSTRZYCKI and R. A. VARIN, Scripta Metall. Mater. 29

(1993) 605.
16. M. ATKINSON, Int. J. Mech. Sci. 33 (1991) 843.
17. R. HILL, R. H. LEE and S. J. TUPPER, Proc. Roy. Soc. A188

(1947) 273.
18. N. ALAM, University of Wollongong, Australia, private com-

munication.
19. D. DENGEL and E. KROESKE, Materpruf. 18 (1976) 161.
20. F. FRO® HLICH, P. GRAU and W. GRELLMANN, Phys.

Status Solidi (a) 42 (1977) 79.
21. D. NEWEY, M. A. WILKINS and H. M. POLLOCK,

J. Phys. E 15 (1982) 119.
22. M. F. DOERNER and W. D. NIX, J. Mater. Res. 1 (1986) 601.
23. T. J . BELL, A. BENDELI, J. S . FIELD, M. V. SWAIN and

E. G. THWAITE, Metrologia 28 (1991/2) 463.
24. M. V. SWAIN, C.S.I.R.O., Sydney, Private communication.
25. W. C. OLIVER and G. M. PHARR, J. Mater. Res. 7 (1992)

1564.
26. M. C. SHAW and G. J. DASALVA, J. Engng. Industry 92

(1970) 480.
27. D. S. DUGDALE, J. Mech. Phys. Solids 3 (1955) 206.
28. S. J . BULL, T. F. PAGE and E. H. YOFFE, Phil. Mag. ¸ett.

59 (1989) 281.
29. T. F. PAGE, W. C . OLIVER and C. J. MCHARGUE,

J. Mater. Res. 7 (1992) 450.
30. S. S . CHIANG, D. B. MARSHALL and A. G. EVANS,

J. Appl. Phys. 53 (1982) 298.
31. A. K. BATTACHARYA and W. D. NIX, Int. J. Sol. Struct. 24

(1988) 881.
32. R. HILL, B . STORAs KERS and A. B. ZDUNEK, Proc. Roy.

Soc. A423 (1989) 301.
33. W. G. CROUCH, ME (hons) thesis, University of Wollon-

gong, Australia, 1993.
34. H. LI, A. GHOSH, Y. H. HAN, and R. C. BRADT, J. Mater.

Res. 8 (1993) 1028.
35. H. LI and R. C. BRADT, J. Mater. Sci. 28 (1993) 917.
36. D. G. HOLLOWAY; ‘‘Strength of inorganic glasses’’, (Plenum

Press, New York 1986) p. 1.
37. N. GANE and J. M. COX, Phil. Mag. 19 (1970) 881.

Received 13 September 1996
and accepted 5 February 1998
2947


	Nomenclature
	1. Introduction
	2. Analysis
	3. Discussion
	4. Conclusions
	Appendix: the plastic hinge model of indentation [16].
	References

